When a liquid touches a solid surface, it spreads to minimize the system's energy. The classic thin-film 5 model describes the spreading as an interplay between gravity, capillarity and viscous forces, but cannot see an end to this process as it does not account for the non-hydrodynamic liquid-solid interactions. While these interactions are important only close to the contact line, where the liquid, solid and gas meet, they have macroscopic implications: in the partial-wetting regime, a liquid puddle ultimately stops spreading. We show that by incorporating these intermolecular interactions, the free energy of the system at equilibrium can be cast in a
are solid-gas, solid-liquid, and liquid-gas interfacial energies [3] . To extend the classical description to the partial-wetting regime, one can supplement it with non-hydrodynamic interactions as a boundary condition at the contact line [1, 4] . When capillary forces are the dominant driving mechanism, 40 the dynamic contact angle, θ d , has been shown to follow the Cox-Voinov law, θ [4] [5] [6] , where Ca = ηU/γ is the capillary number with liquid viscosity η and contact line velocity U ; l M and l µ are characteristic macroscopic and microscopic length scales in the problem.
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Despite its success in matching experimental data, invoking this boundary condition does not address the question of how the non-hydrodynamic forces determine the emerging dynamics at the macroscopic scale.
Here, we work within the long-wave approximation to de-50 rive a generalized mesoscopic thin-film equation that captures the dynamics of the moving contact line self-consistently as part of the solution, making it non-locally coupled to the rest of the system. Within the framework of the non-equilibrium thermodynamics, a conservation equation for the height of the 55 liquid film h can be written as [7] :
where M(h) is the mobility, Γ is the free energy, and δΓ/δh = ∂Γ/∂h − ∇ · [∂Γ/∂(∇h)] is the variational derivative of the free energy with respect to height. We start by deriving the free energy Γ of a non-volatile liquid puddle on a solid surface. At equilibrium, the variation of the free energy is zero, δΓ = 0. Writing the free energy as Γ = Φ(h, ∇h) dX and using the calculus of variations, we arrive at the following two equations for the specific free energy Φ [8, 9] :
known as the Euler-Lagrange and Augmented Young equations, respectively. Equation (2) determines the shape of the liquid surface at equilibrium and reduces to the Young-
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Laplace equation in the simplest form, while Eq. (3) serves as the boundary condition at the contact line.
Macroscopic contributions taken into account, we can write the free energy as Φ(h, ∇h) ≡ Φ M (h, ∇h) = 1/2ρgh 2 + (γ sl − γ sg ) + γ 1 + (∇h) 2 , in which ρ is the liquid den-65 sity and g is the gravitational acceleration. The classic thinfilm model can be recovered by putting the macroscopic free energy into the conservation Eq. (1). Substituting Φ M into the Augmented Young equation, we recover the Young equation [3] . An often-overlooked constraint on the free energy 70 is that as the height of the liquid film goes to zero, one should recover the solid-gas interfacial energy, lim h→0 Φ = 0 [3, 10] . It is straightforward to see that the only way to sat-isfy this constraint with the macroscopic free energy is to have γ + γ sl = γ sg , corresponding to the complete-wetting regime.
Microscopic intermolecular forces close to the contact line must therefore be considered to arrive at a self-consistent description of the free energy for partial-wetting systems. These interactions are commonly known as surface forces [11] or disjoining/conjoining pressure [2] . Taking the intermolec-ular forces Φ µ (h) into account, we can write the free energy as Φ(h, ∇h) ≡ Φ M (h, ∇h) + Φ µ (h). Substituting into the Augmented Young equation, we arrive at what is commonly known as the Derjaguin-Frumkin equation, cos θ Y = cos θ µ + Φ µ (0)/γ, relating the Young contact angle to the sur-85 face forces [8] . The Young angle is defined at the macro scale, whereas θ µ is the microscopic contact angle [3, 8, 12] , which needs to be zero for the free energy to be continuous. The combination of a non-zero Young contact angle and a zero microscopic contact angle indicates the existence of an ultra-thin 90 liquid film around the main drop, the so-called pseudo-partialwetting regime [10, 13] . While precursor films are commonly observed in the complete-wetting regime [14] , they are not in non-volatile partial-wetting liquids [6, 10, 13] . We therefore need a description of the system's free energy that allows for 95 non-zero microscopic contact angles.
Traditionally, surface forces are expressed as a function of film height only, since they are derived for parallel liquidsolid interfaces [1, 2] . Close to the contact line, however, the liquid and solid interfaces are not parallel and one should ac-100 count for the interface slope to arrive at a proper description of the intermolecular forces [15, 16] . The free energy should therefore be written as Φ(h, ∇h) ≡ Φ M (h, ∇h)+Φ µ (h, ∇h). Consistent with the derivations of [16] and using the longwave approximation, we propose to decompose the surface
2 /2. Substituting the free energy, Φ, into the Augmented Young equation and requiring the continuity of the free energy, it is straightforward to show that all constraints are satisfied without imposing any a priori condition on θ µ if φ µ,1 (0) = S and φ µ,2 (0) = −γ, where S = γ sg − γ sl − γ is the spreading coefficient [10] . The microscopic contact angle therefore emerges naturally as part of the solution, consistent with the predictions of nonlocal density functional theory [17] . We can therefore write the free energy as:
This free energy expression resembles the Cahn-Hilliard formulation [18] , in which the free energy can be decomposed into bulk f (h) = ρgh 2 /2 − S + φ µ,1 (h) and interfacial κ(h)(∇h) 2 /2 contributions, where
can be interpreted as a height-dependent interfacial tension.
A nonlinear KPZ-type term can be generated using this free energy [19] . The constraints on φ µ,1 (0) and φ µ,2 (0) imply that f (0) = 0 and κ(0) = 0. Vanishing of the interfacial tension as the film height tends to zero is required to arrive 125 at compactly-supported spreading states [20] , and our derived
Schematic of the tangent construction on the bulk free energy, f (h), leading to the coexistence of wet, h = h * , and dry, h = 0, states. In the absence of intermolecular forces, the bulk free energy can be written as f (h) = ρgh 2 /2 − S, which does not reduce to the solid-gas interfacial energy as h → 0 unless S = 0, which implies complete wetting [10] .
form of the free energy naturally meets this requirement. Another constraint on φ µ,1 (h) can be incorporated through a tangent construction on the bulk free energy, which ensures that the two coexisting phases at equilibrium have the same chem-130 ical potential [21] , i.e. df /dh| h=0 = df /dh| h=h * = ρgh * (Fig. 1) , where h * = 2 l γ sin (θ Y /2) is the height of the liquid puddle that is set by a balance between gravity and surface tension, and l γ = γ/ρg is the capillary length [10] . To describe the functional form of φ µ (h), we use a surface 135 force that consists of long-ranged attractive van der Waals forces and short-ranged repulsive forces, similar to an integrated Lennard-Jones potential [2] . Other combinations, such as long-ranged repulsive and short-ranged attractive interactions [22, 23] can also be used. We therefore write φ µ,i (h) =
2 nm is a molecular length scale with A being the Hamaker constant [2, 10] . The coefficients α 1 = S, β 1 = (1 − d 0 /h * )/3 and α 2 = −γ, β 2 = 1/3 are determined through imposing the constraints on φ µ,i (0), the tangent con-145 struction, and requiring the slope at the contact line to be nonzero. The denominator has been regularized by adding d 0 , allowing us to recover the solid-liquid interfacial energy when the film height is zero [10, 16, 22] .
Substituting the derived free energy from Eq. (4) 
2 * ,κ = κ/γ and dropping the tilde for convenience, the generalized thin film equation takes the form: 
). While Navier slip is global, our proposed slip model is localized to the contact-line region, where it dominates the Navier slip, consistent with molecular simulations [24, 25] .
uid puddle as V ≈ πR 2 f h * , whereas for small drops the final radius can be related to the volume using the spherical cap ap- close to the contact line, leading to a natural cut-off scale that removes the moving-contact-line singularity.
Starting from the Stokes equation, using the lubrication approximation, and assuming no slip at the wall and zero shear stress at the liquid-gas interface, τ = 0 (neglecting the vis-170 cosity of the gaseous phase), the mobility in Eq. (1) is easily derived to be M(h) = h 3 . The no-slip boundary condition, however, will lead to the moving-contact-line singularity [28] . To resolve the singularity, the Navier slip boundary condition is generally used, introducing a slip velocity proportional to 175 the shear stress in the liquid adjacent to the wall, u s = b s ∇u [29] , where b s is the slip length, which depends on the liquidsolid interaction [30] . The slip condition leads to a mobility of the form M(h) = h 3 + 3 b s h 2 . In immiscible flows however, slip has been shown to be localized to the contact-line region 180 [24, 25] and to match the observations of molecular simulations, ad hoc functions with decaying slip away from contact line have been proposed [31] .
The free energy derived in Eq. (4) incorporates a heightdependent interfacial tension κ(h). A gradient in the interfa-185 cial tension leads to the Marangoni effect [32] , which causes a non-zero shear stress at the liquid-gas interface, driving a net flow. In analogy with this effect, the height dependence of the interfacial tension leads to a non-zero interfacial shear stress at the liquid-gas interface, τ + λ 2 (J · t)dκ/dh = 0,
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where J = ∇(δΓ/δh) is proportional to the flux, t is the unit vector tangent to the interface and λ is an effective slip length. The variation of the interfacial tension is limited to the contact line region where intermolecular forces dominate. Away from the contact line (dκ/dh = 0) or at equilibrium
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(J = 0), the balance reduces to the usual zero shear stress at the liquid-gas interface (τ = 0). Only during spreading does this non-zero interfacial stress come into play, hence the name "flow-induced Marangoni effect" [33] . Incorporating both this shear stress at the liquid-gas interface and
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the Navier slip boundary condition at the liquid-solid interface, we can write the mobility in the most general form as
This model bears similarities with the generalized Navier boundary condition [25] , and slip due to the gradient of chemical potential 205 close to the contact line [34] . Our proposed model therefore addresses two main requirements regarding slip at the contact line: 1) it is localized to the contact line region, and 2) it depends on the non-hydrodynamic interactions close to the contact line and introduces an energy scale [6] (Fig. 2) .
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We solve Eq. (5) using standard finite differences [35] and adaptive mesh refinement. The disparate length scales involved in this problem make the numerical computations prohibitively expensive. Since we are mainly interested in the macroscopic predictions of our model, we regularize the mi-215 croscopic length d 0 by multiplying it by a magnifying factor 10 4 , therefore bringing the peak of the energy function shown in Fig. 1 from the nano to the micro scale. For simplicity, we set the Navier slip length to zero, b s = 0, and consider only the localized effective slip in the contact-line 220 region, λ = 10d 0 (Fig. 2) . We take the capillary length to be l γ = 1.5mm, which is typical of silicone oil.
We now address the original question of how a liquid pud- dle spreads on a solid surface. We expect a partial-wetting liquid to spread initially to minimize the system's free energy 225 and to stop spreading when it reaches equilibrium. For small liquid volumes, i.e. when Bo 1, capillarity is the dominant driving force while viscosity resists the spreading. A simple scaling between these two dominant forces leads to Tanner's law for spreading, which predicts that the wetted area, A(t),
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scale as t 1/5 [36] (Fig. 3) . In this regime, the liquid drop takes the shape of a spherical cap that spreads quasi-statically. As the volume of the liquid increases, i.e. Bo 1, gravity becomes the dominant driving force in the bulk while surface tension effects remain limited to the vicinity of the mov-ing contact line [37] [38] [39] . Balancing the gravity and viscous forces acting at the macroscopic scale, one arrives at a scaling of t 1/4 for the wetted area. In this regime, the sphericalcap approximation is no longer valid, but similarity solutions for the quasi-static spreading can still be obtained [38, 39] .
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In both the capillary and gravity-dominated regimes, the final approach to equilibrium is exponential [39, 40] , deviating markedly from the quasi-static self-similar power-law behavior. Our model predicts this final approach to a compactlysupported spreading state (Fig. 3) .
While the macroscopic spreading rate is a good measure for examining the validity of our model, it is not very sensitive to the contact line dynamics, which arrest the spreading drop as it approaches equilibrium. A correct description of the contact line dynamics is therefore needed to properly describe 250 this final stage. In the capillary-dominated regime, the CoxVoinov law describes the dependence of the dynamic contact line on the spreading rate [4] [5] [6] . Our model indeed displays excellent agreement with the Cox-Voinov law for different equilibrium contact angles θ Y [Fig. 4(b) ]. Consistent with 255 earlier observations [41] , the dynamic contact angle exhibits a dependence on the liquid volume. This dependence is expected, as the macroscopic length l M in the Cox-Voinov law is related to the radius of the drop [4, 42] , which scales with its volume (R f ∼ V 1/3 in the capillary-dominated regime
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and R f ∼ (V /h * ) 1/2 in the gravity-dominated regime). The surprising observation, however, is that the Cox-Voinov law provides an excellent description of the dynamic contact angle even in the gravity-dominated regime. This observation is supported by early experiments in the complete-wetting 265 regime [43] . The macroscopic length scale, l M , increases with volume and thus with the Bond number, but saturates to a constant value (proportional to the capillary length) beyond the transition from capillary-dominated to gravity-dominated regime (at Bo ≈ 30). Taking the effective slip length to be 270 the microscopic length scale l µ = λ, we find the macroscopic length scale l M by fitting the dynamic contact angle data to the Cox-Voinov law (l M ≈ 100 µm in the gravity-dominated regime). Taking the dependence of the macroscopic length scale on the volume into account, we observe a remarkable 275 collapse of all the dynamic contact angle data corresponding to different volumes onto a single curve [ Fig. 4(c) ].
In summary, we have shown that incorporating nonhydrodynamic interactions between the liquid and solid in a self-consistent manner leads to a free energy that can be cast 280 in a Cahn-Hilliard formulation with a height-dependent interfacial tension. This height-dependence allows compactlysupported spreading states with no precursor film [20] , in contrast with the classic thin-film model that does not admit such solutions [44] . The height-dependence of the interfa-285 cial tension further introduces an effective slip that is localized to the contact-line region, where it dominates the Navier slip, consistent with the observations of molecular simulations [24, 25] . Our thin-film model predicts that the dynamic contact angle follows the Cox-Voinov law both in the capillary-290 dominated and gravity-dominated regimes. This feature illustrates the ability of our mesoscopic model to capture nonlocal effects on the contact line dynamics, which exert a fundamental control on pattern formation in immiscible porous media flows [45] .
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